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,Notes on (0,2) Superconformal Field Theories⋆
Jacques Distler
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University of Texas at Austin
Austin, TX 78712–1081 USA
In these lecture notes, I review the “linear σ-model” approach to (0,2)
string vacua. My aim is to provide the reader with a toolkit for studying
a very broad class of (0,2) superconformal field theories with the requisite
properties to be candidate string vacua.
1. Invitation au voyage
The case for considering string compactifications with spacetime supersymmetry is
often made in four dimensional terms, say, that this provides a solution to the hierarchy
problem. But the real justification is that these are the only known perturbative solutions
to the fermionic string with four flat noncompact directions. So if perturbative string
theory can tell us anything, these are the starting points about which to do our perturbation
theory. Now, it is clear that not all of the physics is captured by perturbation theory.
However, some of it is (and we even have reason [1] to believe that many of the crucial
features are) captured by perturbation theory. Besides, you have to walk before you can
run . . ..
Spacetime supersymmetry is equivalent to (0,2) superconformal symmetry on the
worldsheet with an integrality condition on the right-moving U(1) charges (see [2,3,4]).
So if we want to study perturbative solutions to string theory, we should be studying
(0,2) SCFTs. Surprisingly little is known about the subject, given its evident importance.
Almost all of the results we have to date are for the very special case of left-right symmetric
(2, 2) superconformal field theories, or very simple orbifolds thereof. This is clearly a very
special case of a (0,2) SCFT, where we simply ignore the left-moving superconformal
⋆ Email: distler@utpapa.ph.utexas.edu .
Research supported in part by the Robert A. Welch Foundation, NSF Grant
PHY90-09850, and the A. P. Sloan Foundation.
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symmetry. For a long time, more general (0,2) SCFTs were considered simply too hard
to study. I hope in these lectures to convince you that they are not too hard, and that,
because there are so many open questions, this is fertile area to work on.
Mainly in these lectures, I will concentrate on giving you a “toolkit” for building and
studying (0,2) models of the requisite sort. More details can be found in the references, as
can some results that one can learn both about the general features of (0,2) theories and
the specifics of particular models. Much of the work that I describe in these notes was
done jointly with S. Kachru.
2. Generalities
As I said, N = 1 Spacetime supersymmetry is equivalent [2,3,4] to (0,2) supercon-
formal symmetry on the worldsheet, provided a certain integrality condition on the U(1)
charges holds. The origin of this condition is that it is required so that we may define a
chiral GSO projection. You might think, therefore, that what we will look for is a theory
whose symmetry algebra is (vir)L × (N = 2 svir)R. In fact, we will require a somewhat
larger symmetry. Namely, we will require as well that there exist a left-moving U(1) current
algebra of level r, that is,
J(z)J(w) =
r
(z − w)2
and the symmetry algebra will be (Û(1)⋉vir)L × (N = 2 svir)R, with (c, c¯) = (6 + r, 9).
To turn this into a string theory, we add four free bosons Xµ, and their (0,1) super-
partners, four free Majorana-Weyl fermions ψµ. We also add λI , I = 1, . . .16 − 2r, free
left-moving Majorana-Weyl fermions which yield a linearly-realized SO(16− 2r) subgroup
of the spacetime gauge group, and we add a left-moving E8 current algebra.
The left-moving Û(1) current algebra plays a dual role in the theory. First, it provides
another linearly-realized piece of the spacetime gauge group (which, at this stage, appears
to be SO(16−2r)×U(1)×E8 ). Second, it provides a candidate for a chiral GSO projection
for the left-movers:
g = e−iπJ0(−1)FλI (2.1)
where FλI is the fermion number for the left-moving free fermions.
In keeping with its role in forming the GSO projection, the left-moving Û(1) also
provides the left-moving spectral flow generator (ground state of the left-moving Ramond
sector1) which promotes the spacetime gauge group to E6, SO(10), or SU(5), for r = 3, 4, 5.
1 In the Ramond sector, J0 is replaced by J0 + r/2 in the formula for the GSO projection.
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We are all familiar [5] with how the representations of SO(10)×U(1) assemble them-
selves into representations of E6 in (2,2) compactifications (r = 3). The situation for
r = 4, 5 may be more unfamiliar, so I have summarized it in the following tables.
Rep. of SO(10) Rep. of SO(8)× U(1) Cohomology Group
45 8s
′
−2 ⊕ (280 ⊕ 10)⊕ 8
s′
2 H
∗(M,O)
r = 4 16 8s−1 ⊕ 8
v
1 H
∗(M,V )
10 1−2 ⊕ 8
s′
0 ⊕ 12 H
∗(M,
∧2
V )
1 10 H
∗(M,End V )
Rep. of SU(5) Rep. of SO(6)× U(1) Cohomology Group
24 4¯−5/2 ⊕ (150 ⊕ 10)⊕ 45/2 H
∗(M,O)
r = 5 10 4−3/2 ⊕ 61 H
∗(M,V )
5¯ 4¯−1/2 ⊕ 12 H
∗(M,
∧2
V )
1 10 H
∗(M,End V )
Table 1: Representations of the linearly realized part of the gauge group and
how they assemble themselves.
Note that the representations which appear alternate between spinor and tensor rep-
resentations of SO(16−2r), and the U(1) charge jumps by r/2 with each application of the
spectral flow. One realization of this general setup is (2,2) superconformal field theory. In
this case, r = 3, since the left-moving N = 2 superconformal algebra with c = 3r contains
a Û(1) subalgebra at level r. Clearly, though, this is a very special case. Phenomeno-
logically, it may also be a relatively unattractive one, as r = 4, 5 seems to lead to more
attractive phenomenology.
3. Nonlinear σ Models
The (2,2) nonlinear sigma model can be written
S =
i
2pi
∫
1
2gi¯(∂X
i∂X ¯ + ∂X ¯∂X i)− 12bi¯(∂X
i∂X ¯ − ∂X ¯∂X i)
+ i(ψı¯Dψ
ı¯ + λiD¯λ
i) +Rkl
ı¯
¯(X)λkλ
lψı¯ψ
¯
(3.1)
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where X : Σ → M is the σ-model map from the worldsheet into a Ka¨hler manifold M ,
which for reasons that will become clear shortly, we will assume has vanishing first Chern
class, c1(T ) = 0. The left- and right-moving fermions couple to the appropriate pullback
connections, Dψı¯ = ∂ψı¯ + ∂X ¯Γı¯
¯k¯
(X)ψk¯, etc.
The (0,2) generalization of this is to replace the action for the left-moving fermions
by
S =
i
2pi
∫
. . .+ i(. . .+ λaD¯λ
a) + F ab
ı¯
¯(X)λaλ
bψı¯ψ
¯ (3.2)
where now the λa transform as sections of a holomorphic vector bundle V →M with
c1(V ) = 0, c2(V ) = c2(T ) (3.3)
The data specifying the σ-model now is: the Ka¨hler metric, gi¯(X), a closed 2-form bi¯(X),
and the holomorphic connection on V , Aabi(X), whose curvature is F
a
bi¯(X).
For string theory, of course, we are interested in a conformally invariant σ-model.
Requiring conformal invariance imposes some conditions on the above data. For instance,
demanding that the 1-loop β-function of (3.2) vanish requires that gi¯ be Ricci-flat. How-
ever, these conditions are corrected at higher orders in σ-model perturbation theory, and
we don’t have the slightest idea what the “all orders” equation necessary for conformal
invariance is.
In the face of this obstacle, there are two attitudes one can adopt. The first is to
imagine that we can construct the exact conformally invariant theory order by order in
perturbation theory, starting with a solution to the 1-loop β-function equations. If the
σ-model is weakly coupled, we might expect that the exact conformally invariant theory
is “close” to its 1-loop approximation.
A more fruitful point of view is to accept that the σ-model (3.2) (or, at least any
σ-model we can actually write down) is not conformally-invariant. However, it flows under
the Renormalization Group to an infrared fixed point theory which is the desired confor-
mally invariant theory.
This second point of view is very useful. It suggest several helpful ways of looking
at the σ-model. First, the RG flow is dissipative. The data gi¯, bi¯, A
a
bi represent an
infinite number of coupling constants in the two dimensional quantum field theory. All
but a finite number of these are marginally irrelevant and flow to zero in the infrared.
Thus the fixed-point theory is characterized by a finite number of parameters which are
RG-invariant.
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So what are the RG-invariant parameters characterizing (3.2)? They are
a) the complex structure of M
b) the holomorphic structure of the vector bundle V
c) the cohomology class of the complex Ka¨hler form J = B + iJ , where
J = i gi¯dX
i ∧ dX ¯, B = bi¯dX
i ∧ dX ¯
The first two are automatic in this formalism. They are assured by the existence of a
chiral U(1)L × U(1)R symmetry under which
ψı¯ → eiθRψı¯, λa → e−iθLλa
ψı¯ → e
−iθRψı¯, λa → e
iθLλa
(3.4)
Note that the conditions c1(T ) = c1(V ) = 0 are precisely what is needed to ensure that
this chiral U(1)L × U(1)R is nonanomalous. In the conformal limit, the corresponding
conserved U(1) currents become the generators of the left-moving Û(1) current algebra
and the right-moving Û(1)R current algebra in the N=2 superconformal algebra.
The RG-invariance of the cohomology class of J is, by contrast, highly nontrivial.
It was proven to all orders in perturbation theory in [6], where it was shown that all
perturbative corrections to J are exact two-forms. Beyond perturbation theory, one needs
to worry about σ-model instantons, topologically nontrivial maps from the worldsheet into
M . Naively, corrections to gi¯ are instanton-antiinstanton effects, and so rather hard to
see. There are rather indirect arguments [7] which one might use to try to show that the
cohomology class of J is unrenormalized, even when σ-model instantons are taken into
account. But the necessary conditions are very hard to verify, and for a long time this
pretty much stymied any progress on (0,2) σ-models.
Since nonlinear σ-models are so hard, we can invoke another great principle of the
renormalization group, namely universality. There are many QFTs which renormalize to
the same IR fixed point. If nonlinear σ-models are too hard, we should look for another,
simpler family of QFTs which happen to be in the same universality class. This motivates
us to look at linear σ-models [8].
5
4. Linear σ-models
Since we will be interested in (0,2) linear σ-models, we should first discuss (0,2)
superfields. Our (0,2) superspace has coordinates (z, z¯, θ+, θ−). The spinor derivatives are
D¯± =
∂
∂θ±
+ θ∓∂z¯
Chiral (scalar) superfields Φ satisfy
D¯+Φ = 0
In components,
Φ = φ+ θ−ψ + θ−θ+∂z¯φ
A (chiral) fermi superfield Λ also satisfies the chiral constraint D¯+Λ = 0, but its lowest
component is a left-handed fermion λ, and its upper component is an auxiliary field l:
Λ = λ+ θ−l + θ−θ+∂z¯λ
The (0,2) gauge multiplet actually consists of a pair of (0,2) superfields A, V , where
V is a superfield whose Minkowski continuation is a real superfield, and A is one whose
Minkowski continuation is pure imaginary. The lowest component of V is a real scalar,
and the lowest component of A is the left-moving component of the gauge field, a (which
we take to be anti-Hermitian).
Super-gauge transformations act on A, V as
V → V − i(χ− χ¯), A → A− i(χ+ χ¯)
where χ is a chiral scalar superfield, D¯+χ = D¯−χ¯ = 0.
In Wess-Zumino gauge, the nonzero components of the gauge multiplet are
V = θ−θ+a¯
A = a+ θ+α− θ−α¯+ 1
2
θ−θ+D
(The residual gauge symmetry in WZ gauge is χ = ρ+ θ−θ+∂z¯ρ, with ρ real.) a, a¯ are the
left- and right-moving components of the gauge field, α, α¯ are the left-moving gauginos,
and D is a (real) auxiliary field.
Under a super gauge transformation,
Φ→ e2iQχΦ, Φ¯→ e−2iQχ¯Φ¯
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where Q is the charge of Φ, and similarly for Λ. Let
Φ˜ = eQV Φ, ˜¯Φ = eQV Φ¯
and similarly for Λ.
A gauge invariant kinetic term for Φ is
SΦ =
∫
d2zd2θ (∂z −QA)
˜¯ΦΦ˜− ˜¯Φ(∂z +QA)Φ˜
=
∫
d2z (∂z −Qa)φ¯(∂z¯ +Qa¯)φ+ (∂z¯ −Qa¯)φ¯(∂z +Qa)φ
+ 2ψ¯(∂z +Qa)ψ +Q(α¯ψ¯φ− αψφ¯)−Qφ¯φD
(4.1)
An invariant kinetic term for Λ is
Sλ =
∫
d2zd2θ ˜¯ΛΛ˜
=
∫
d2z 2λ¯(∂z¯ +Qa¯)λ− l¯l
(4.2)
Define the spinor covariant derivatives
D¯± = ±e
±V D¯±e
∓V , D = ∂z +A
and the corresponding gauge field strengths
F = 2[D, D¯+] = −α+ θ
−(D + f)− θ−θ+∂z¯α
F¯ = 2[D, D¯−] = −α¯+ θ
+(D − f) + θ−θ+∂z¯α¯
where f = 2(∂z a¯ − ∂z¯a)
2. Note that F is chiral: D¯+F = 0. The kinetic term for the
gauge fields is
Sgauge = −
1
2e2
∫
d2zd2θFF¯
=
1
2e2
∫
d2z(f2 −D2 + 2α∂z¯α¯)
(4.3)
and the Fayet-Iliopoulos D-term is
SD = −
it
2
∫
d2zdθ−F +
it¯
2
∫
d2zdθ+F¯
= r
∫
d2zD −
iθ
2pi
∫
d2zf
(4.4)
2 The normalization is such that d2z = i
2
dz ∧ dz¯, so 1
2pi
∫
d2z f = ninst ∈ Z.
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where t = θ2π + ir.
Finally, a (0,2) superpotential is
SW =
∫
d2dθ− mΛF (Φ) +
∫
d2dθ+ m¯Λ F (Φ)
=
∫
d2z m(lF (φ)− λ
∂F
∂φ
ψ) + h.c.
(4.5)
where F is a homogeneous polynomial of the appropriate degree such that (4.5) is gauge
invariant, and m is a coupling constant with dimensions of mass. It is commonplace to set
m = 1, which simplifies the notation, but it is useful to remember that it is there.
This is all that is required in order to discuss (0,2) supersymmetric linear σ-models.
But if we wish to discuss (2,2) supersymmetric theories (and certain (0,2) generalizations),
we actually need to enlarge the gauge multiplet. we introduce a complex fermionic super-
field Σ and its conjugate Σ¯. N.B. these do not obey a chiral constraint! Correspondingly,
we introduce a new gauge symmetry, under which
Σ→ Σ+ iΩ Σ¯→ Σ¯− iΩ¯
Λ→ Λ + 2iQΩΦ Λ¯→ Λ¯− 2iQΩ¯Φ¯
(4.6)
with Ω a chiral fermionic superfield, and all other fields being invariant.
Σ has four independent components, but the Ω gauge symmetry allows us to gauge
two of them away. We’ll call the ones that remain σ, β, and note that they appear in the
gauge invariant quantity
D¯+Σ =
1
2 (σ + θ
−β + θ−θ+∂z¯σ)
Unfortunately, the action (4.2) is not invariant under the Ω gauge symmetry. To correct
this, we add
SΣ =
∫
d2zd2θ Q2 ˜¯ΦΦ˜Σ¯Σ−Q( ˜¯ΛΦ˜Σ− ˜¯ΦΛ˜Σ¯) (4.7a)
+
1
2e2
(−D¯−Σ¯∂zD¯+Σ+ ∂zD¯−Σ¯D¯+Σ) (4.7b)
(4.7a) makes (4.2) invariant, while (4.7b) gives Σ a kinetic term. In “Wess-Zumino” gauge,
SΣ =
∫
d2z Q2|φ|2|σ|2 +Q(λ¯ψσ − λψ¯σ¯)−Q(βλ¯φ− β¯λφ¯)
+
1
2e2
(∂zσ¯∂z¯σ + ∂zσ∂z¯σ¯) +
1
e2
β¯∂zβ
(4.8)
We also need to make (4.5) invariant under the Ω gauge transformations. We’ll see how
to do that later. First, let’s start looking at some examples
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5. Examples
Example 1: (2,2) Linear σ-model on CPN
Choose Φi,Λi, i = 1, . . . , N + 1 to all have charge Q = 1. After eliminating the
auxiliary field D,
L = (kinetic terms for φ, ψ, λ, α, β, σ) + (α¯ψ¯iφi − αψiφ¯i)
+ (β¯λiφ¯i − βλ¯iφi) + (λ¯iψiσ − λiψ¯iσ¯)
+
∑
i
|φi|2|σ|2 +
e2
2
(
∑
i
|φi|2 − r)2
+
1
2e2
f2 −
iθ
2pi
f
We can analyse this theory semiclassically in the r ≫ 0 limit. Supersymmetry requires
that the scalar potential vanish, and hence that
∑
i
|φi|2 = r, σ = 0 (5.1)
The space of solutions to (5.1) is a big sphere S2N+1, but we still must mod out by the
action of the gauge transformations φ → eiθφ. So, after modding out, the φ’s live on
CPN = S2N+1/U(1). All of the degrees of freedom transverse to CPN have masses of
order m2 ∼ e2r. At energies well below this mass scale, we have an effective nonlinear
σ-model with target space CPN .
Well, that’s what’s happening with the bosons. Let us see what happens to the
fermions. Since φ has a VEV, one linear combination of the ψ’s gets a mass with α.
Which linear combination is it? Let ψi = ψφi.
−αφiφ¯i = −αψ|φ|2 = −rαψ
so it is precisely the linear combination represented by ψ which becomes massive. The
remaining ψi transform as sections of the tangent bundle to CPN . Mathematically, the
ψi fit into the exact sequence
0→ O
⊗φi
−→O(1)⊕N+1 → TCPN → 0 (5.2)
Of course, exactly the same analysis holds for the left-moving fermions λi.
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Digression: Line bundles on CPN
Recall CPN = CN+1/ ∼, where (z0, z1, . . . , zN ) ∼ (λz0, λz1, . . . , λzN ), λ ∈ C
∗.
O(−1), the “tautological” line bundle has, as fiber over the point [z0, z1, . . . , zN ] ∈ CP
N ,
the complex line through the origin in CN+1 which passes through (z0, z1, . . . , zN ). Pow-
ers of the tautological line bundle are denoted by O(−n) = O(−1)⊗n, with negative
powers denoting powers of the dual line bundle O(1). O(1) is called the “hyperplane bun-
dle” because it has a global holomorphic section which vanishes along a hyperplane, say
{z0 = 0} ⊂ CP
N . The φi (and their superpartners ψi) in the above example can be viewed
as sections of O(1).
Very nice. Unfortunately for our intended application, r is not a renormalization
group invariant in this model. Rather, there’s a one-loop log-divergent diagram Fig. 1
which contributes to the renormalization of r. The β-function is proportional to the sum
of the scalar charges (
∑
Qi = N + 1 in this case), and the sign is such that r(µ) decreases
in the infrared. So even if we start out at large r, where the theory is semiclassical, we
don’t stay there.
But this is exactly the sort of behaviour we expect. The CPN nonlinear σ-model also
has a nonzero β-function and flows to strong coupling in the infrared. It develops a mass
gap, and the infrared theory is a c = 0 CFT (a topological field theory) [9].
Fig. 1: Log-divergent diagram leading to the renormalization of r.
Charged scalars run around the loop, and the coefficient of the log-
divergence is proportional to
∑
Qi, the sum of the scalar charges.
Example 2: Calabi-Yau hypersurface in WP4
As before, we consider Φi,Λi, i = 1, . . . , 5, but now, instead of taking them to all
be of charge 1, we allow them to have (integer) charges wi > 0. If we simply followed
the analysis of example 1, we would obtain not CP 4, but the weighted projective space
WP4 = C5/ ∼, where
(z1, . . . , z5) ∼ (λ
w1z1, . . . , λ
w5z5)
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The sum of the scalar charges is still nonzero, so let us add a chiral scalar super-
field P , and fermionic superfield Γ of charge −d, where d =
∑
wi. Under the Ω-gauge
transformation,
Γ→ Γ− 2idΩP (5.3)
The action is as before, but now we can add a gauge-invariant superpotential
SW =
∫
d2zdθ− m(ΓW (Φ) + ΛiP
∂W
∂Φi
) + h.c. (5.4)
whereW (Φ) is a weighted homogeneous polynomial of degree d in the Φi. m is a parameter
with dimensions of mass. We will, for the most part, follow convention, and set it “equal
to one”, but it is important to remember that it is really there, setting the scale for certain
of the mass terms to be discussed below.
This is obviously invariant under the χ-gauge transformations. Invariance under Ω-
gauge transformations follows from
∑
i
wiΦ
i ∂W
∂Φi
= d W (Φ)
Adding the superpotential introduces new terms in the scalar potential from integrat-
ing out the auxiliary fields in Λi and Γ:
U =
e2
2
(
∑
wi|φ
i|2 − d|p|2 − r)2 + |W |2 + |p|2
∣∣∣∣∂W∂φi
∣∣∣∣2 + |σ|2(∑w2i |φi|2 + d2|p|2)
We also get some new Yukawa couplings:
L = . . .− (γψi + λipi)
∂W
∂φi
− λiψjp
∂2W
∂φi∂φj
+ h.c.
We assume that W is chosen to be transverse: W = ∂W∂φi = 0 ⇒ ∀φ
i = 0. The
semiclassical analysis proceeds as before.
r ≫ 0:
Minimizing the scalar potential requires
∑
wi|φ
i|2 = r, p = σ = 0 and W (φ) = 0. So
after modding out by U(1), the massless fields live on the hypersurface W (φ) = 0 in WP4.
The masses of the fields transverse to the hypersurface are of the order m2 ∼ e2r or
m2 ∼ |m|2, depending on whether they get a mass from the D-term or from the superpo-
tential. We will, for now, simply assume that these are of the same order.
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For the fermions, as before, one linear combination of ψi gets a mass with the gauge
fermion. Another linear combination gets a mass from the Yukawa coupling −γψi ∂W∂φi .
Mathematically, the massless fermions form the cohomology of the sequence
0→ O
f
−→
⊕
i
O(wi)
g
−→O(d)→ 0
where f(s) = (w1φ1s, . . . , w5φ5s) and g(u1, . . . , u5) =
∑
ui
∂W
∂φi . this is precisely
the sequence which defines the tangent bundle of the Calabi-Yau hypersurface: T =
ker(g)/im(f). So, as expected, the fermions transform as sections of the tangent bun-
dle.
r ≪ 0:
Here too, we can find a supersymmetric vacuum by minimizing the scalar potential.
Set |p|2 = |r|/d, φ = σ = 0. p and σ are massive, while the φi are massless. The left-moving
fermion γ gets a mass with the gaugino β¯ from L = . . . − dβ¯γp¯ + . . .. The right-moving
fermion pi gets a mass with the gaugino α from L = . . .+ dαpip¯+ . . ..
The low energy theory is described by the superpotential∫
d2zdθ− const Λi
∂W
∂Φi
+ h.c.
This should be recognizable as the superpotential for a (2,2) Landau-Ginzburg theory.
Actually [8], it is a Landau-Ginzburg orbifold. Since p has charge −d, its VEV doesn’t
completely break the gauge symmetry. Gauge transformations by dth roots of unity are
still unbroken and so we should still mod out our Landau-Ginzburg theory by this unbroken
Zd group. Projecting onto the Zd-invariant states requires, for modular invariance, that
we introduce twisted sectors, with boundary conditions twisted by Zd
3
Example 3: Deformations of (2,2) theories
The superpotential (5.4) was not the most general one compatible with the Ω gauge
transformations. More generally,
SW =
∫
d2zdθ− (ΓW (Φ) + ΛiPFi(Φ)) + h.c. (5.5)
where ∑
wiφ
iFi(φ) = d W (φ) (5.6)
3 Alternatively, on a higher genus Riemann surface, we sum over sectors where the boundary
conditions on the fields around each cycle are twisted by Zd gauge transformations.
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is invariant under Ω-gauge transformations. Generically, this breaks (2,2) supersymmetry
down to (0,2). For example, if W (φ) is a quintic polynomial in CP 4, there is a 224-
dimensional space of polynomials Fi satisfying (5.6).
For r ≫ 0, we see that the right-moving fermions ψi which remain massless again
transform as sections of T , but the massless left-moving fermions λi transform as sections
of V (a holomorphic deformation of T ), which is the cohomology of the sequence
0→ O
⊗wiφ
i
−→
⊕
i
O(wi)
⊗Fi(φ)
−→ O(d)→ 0
These are, to be sure, (0,2) theories, but the rank of V remains r = 3, E6 is unbroken
and (one can show) the number of 27s and 27s remains unchanged.
Example 4: Dispensing with the Σ multiplet
We needed the Σ multiplet and the accompanying Ω gauge transformations in order
to describe (2,2) supersymmetric theories. If we’re really interested in (0,2) theories, why
not dispense with them and consider
SW =
∫
d2zdθ− (ΓW (Φ) + ΛiPFi(Φ)) + h.c. (5.7)
where, now, freed from the constraint of Ω gauge-invariance, the Fi(φ) are arbitrary poly-
nomials of the appropriate degree.
Recall that previously there were two mass terms for the left-moving fermions
L = . . .+ wiβ¯λ
iφ¯i − λipiFi(φ) + h.c.
Now there’s only one (since β¯ is absent from the theory). So V is defined by
0→ V → ⊕iO(wi)
⊗Fi(φ)
−→ O(d)→ 0 (5.8)
and now has rank r = 4.
It turns out that this theory is ill-behaved; we’ll see why later.
Example 5: Arbitrary charges
Since the Λs are supposed to be unrelated to the Φs, it is silly to give them the same
label and to assume that they have the same gauge charges. So let
SW =
∫
d2zdθ− (ΓW (Φ) + ΛaPFa(Φ)) + h.c. (5.9)
where now we let the charges of the fields be given in the table below.
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Field Q
Φi wi
P −m
Λa na
Γ −d
Table 2: U(1) charges of
the (bosonic and fermionic)
chiral superfields.
We still require
∑
i
wi = d,
∑
a
na = m (5.10)
which in the semiclassical r ≫ 0 analysis are equiv-
alent to the conditions c1(T ) = c1(V ) = 0. But
now, since we are dealing with a theory with chiral
fermions coupled to a gauge field, we need to ensure
that there is no gauge anomaly. This is a quadratic
condition on the gauge charges:
∝
∑
n2a + d
2︸ ︷︷ ︸
left−movers
−
∑
w2i −m
2︸ ︷︷ ︸
right−movers
≡ 0
Rearranging this,
1
2 (−m
2 +
∑
n2a) =
1
2(−d
2 +
∑
w2i )
which, in the r ≫ 0 Calabi-Yau phase is simply the condition c2(V ) = c2(T )! This is a
general principle which holds in all of the (0,2) linear σ-models. The condition for the
cancellation to worldsheet gauge anomalies translates into the c2(V ) = c2(T ) condition for
the vanishing of σ-model anomalies.
The exact sequence defining the bundle V is now
0→ V → ⊕iO(na)
⊗Fa(φ)
−→ O(d)→ 0 (5.11)
instead of (5.8). And now, most importantly, the rank of V and the number of generations
independent of those of the tangent bundle.
Perhaps more surprising is the Landau-Ginzburg phase for r ≪ 0. There, p has a
VEV, and since it has charge −m, this breaks U(1) → Zm. But since m 6= d in general,
the orbifold group is different from that of the corresponding (2,2) model. This means, in
particular, that the Ka¨hler moduli space is topologically different from that of the (2,2)
model. At large positive r, they are obviously the same, as they both describe the space
of complexified Ka¨hler forms for a weakly coupled Calabi-Yau σ-model. But globally, the
CFT “knows” the difference between the “Ka¨hler” degrees of freedom of the (2,2) and the
(0,2) models.
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Example 6: Return of the Σ field
We can also construct models which include the Σ multiplet. let us simply postulate
a transformation law under the Ω-gauge transformations of the form
Λa → Λa + 2iΩEa(Φ) (5.12)
where Ea(φ) is a polynomial of weighted degree na. Then the action
SΛ + SΣ =
∫
d2zd2θ e2naV (Λ¯aΛa + |Ea(Φ)|2Σ¯Σ−Ea(Φ)Λ¯aΣ−Ea(Φ)ΛaΣ¯)
+
1
2e2
(−D¯−Σ¯∂zD¯+Σ+ ∂zD¯−Σ¯D¯+Σ)
is invariant under the Ω-gauge symmetry. The superpotential (5.5) is invariant, provided
Ea(φ)Fa(φ) = d W (φ)
V is now the cohomology of the sequence
0→ O
⊗Ea(φ)
−→
⊕
a
O(na)
⊗Fa(φ)
−→ O(m)→ 0 (5.13)
This is not so obvious as before, when we were construction the tangent bundle T . It is
clear that one linear combination of the λa get a mass from the −λapiFa(φ) term coming
from the superpotential, and that this corresponds to their being in the kernel of the map
to O(m) in (5.13). To see that the other linear combination of the λa drop out as required,
it is easiest to not work in W.Z. gauge, but instead to use the Ω-gauge symmetry (5.12)
to gauge them away. The remaining λa are clearly in the quotient by the image of O in
(5.13).
Example 7: Complete intersection Calabi-Yau manifolds
Our previous examples have, in the Calabi-Yau phase, corresponded to (0,2) mod-
els defined on hypersurfaces in WP4. There is clearly no need to restrict ourselves to
hypersurfaces. Complete intersection Calabi-Yau’s are just as easy to describe.
Instead of a single Γ, let there be several Γα, and let the superpotential be
SW =
∫
d2zdθ− (ΓαWα(Φ) + Λ
aPFa(Φ)) (5.14)
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As before, we require
−
∑
dα +
∑
i
wi = 0 ⇔ c1(T ) = 0
−m+
∑
a
na = 0 ⇔ c1(V ) = 0
∑
d2α −
∑
w2i = m
2 −
∑
n2a ⇔ c2(T ) = c2(V )
(5.15)
Field Q
Φi wi
P −m
Λa na
Γα −dα
Table 3: U(1) charges of
the (bosonic and fermionic)
chiral superfields.
For simplicity, we assume that we are working in
a model without the Σ multiplet and the associated
Ω-gauge symmetry. In the semiclassical r ≫ 0 anal-
ysis, this superpotential leads to a (0,2) model where
the bundle V is defined by the sequence (5.11), living
on the complete intersection Wα(φ) = 0.
Spectators:
In the previous three examples, one generally finds that the sum of the scalar charges
is nonzero. In a (2,2) model, this would be a fatal flaw. In the present context, we can
always fix this (so that there is no perturbative renormalization of t) by adding a pair of
chiral superfields S,Ξ.
Field Q
S m−
∑
dα
Ξ −m+
∑
dα
Table 4: U(1) charges of
the “spectators”. S is a
bosonic chiral superfield, and
Ξ a fermionic chiral super-
field.
To the superpotential, we add a term
SW =
∫
d2zdθ− . . .+msΞS (5.16)
Examining the scalar potential, U , we see that s = 0,
and all the fluctuations of S and Ξ are massive. So,
naively, they do not affect the low-energy physics.
This is a little too slick. In the Landau-Ginzburg phase, we see that S,Ξ are charged
under the unbroken Zm symmetry, so their boundary conditions are twisted in the twisted
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sectors of the orbifold. Nonetheless, since they appear only quadratically in the superpo-
tential, when we compute the cohomology of the Q¯+ operator in §7, there is a choice of
representatives in which the S,Ξ oscillators are not excited. In particular, this means that
they do not appear in the massless states of the string theory. They also make no net
contribution to the ground state energies or U(1) charges of the twisted sectors.
This seems to pose a small paradox. What if we decided to make ms very large?
Surely, below the scale of ms, we should be able to describe the physics in terms of an
effective theory with Ξ, S absent. Aren’t we then back in the situation where t = θ2π + ir
is scale-dependent (as in Example 1)?
Actually, we might have asked a similar question already in the (2,2) theory we dis-
cussed as example 1. There we had two, a priori independent, mass scales e and m (where
m is the parameter introduced in (5.4)). If we take these to be disparate, we should work
with an effective theory in the intervening regime, and in that effective theory, we expect
that t will run. Put another way, we might expect the low-energy Ka¨hler class to depend
on the dimensionless ratio m/e.
Is this, in fact, the case? The answer, of course, is no, and the reason is as follows.
The Wilsonian coupling, tLE , being the coefficient of a term in the superpotential, is an
analytic function of m [10]. So, though we’re really interested in the dependence on the
magnitude of m, we can equally well inquire about its dependence on the phase of m. But
the phase of m can be rotated away by a common rotation of the superfields Γ and P . This
symmetry is nonanomalous, so the phase of m is unphysical, and tLE must be independent
of it (and hence of m itself).
In the (0,2) theories under consideration, there is no nonanomalous symmetry which
allows us to simultaneously remove both the phase of m and of mS . The ratio, m/mS is
physical. More precisely, the combination
tphys = t−
i
2pi
Qs ln(m/ms) (5.17)
where Qs = m−
∑
dα is the charge of the spectator scalar S, is physical. A change in the
phase of ms can be compensated by a shift in the θ-angle (the real part of t). Moreover,
we can choose a basis in which this is the only anomalous U(1).
If we choose to work with an effective theory in the range |m| < µ < |mS |, then, of
course, t(µ) runs:
t(µ) =
i
2pi
QS ln(Λ/µ) (5.18)
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with Λ = mSe
−2πit/QS = me−2πitphys/QS . t is no longer RG-invariant, but tphys is.
Note what’s going on here. The dependence of the real part of t on the parameters
in the superpotential is governed by the chiral anomaly (which, by the way, receives con-
tributions only at one loop). But, by holomorphy, this constrains the dependence of the
imaginary part of t as well4. Thus (5.18) is an exact expression.
So . . . the upshot is that there is one physical, RG-invariant parameter (5.17) which
parametrizes the low energy physics, rather than the two “naive” parameters t and m/mS .
Of course, if we are smart, we simply use our freedom to set mS = m, in which case t and
tphys coincide. In that case, the “spectators” should be though of as being on exactly the
same footing as the other massive particles in the linear σ-model.
Now, tphys is the RG-invariant parameter in the linear σ-model which parametrizes
the “Ka¨hler moduli space”. However, if we wish to discuss the low energy physics in
terms of the effective nonlinear σ-model, we need to perform a matching between tphys
and the complexified Ka¨hler parameter of the nonlinear σ-model. At tree level, they are
simply equal, and indeed this equality holds to all orders in perturbation theory. If we
write z = e2πitphys , and q = e2πiJ , then we have q = z. However, nonperturbatively, this
relation is modified to
q = z(1 +
∞∑
n=1
anz
n)
This is easily recognized as an instanton correction to the matching condition (a holomor-
phic n-instanton effect goes like zn). Its origin is simply the fact that the linear σ-model
possesses instanton solutions (dubbed “pointlike instantons” in [8]) which are not present
in the nonlinear σ-model. To perform the matching, we need to integrate out the point-
like instantons, which introduces a nontrivial matching condition. Note that this is not a
feature peculiar to (0,2) theories. It occurs as well in (2,2) theories, where it is called the
relation between the algebraic and σ-model coordinates [13] (For a recent discussion from
the point of view of linear σ-models, see [14]).
Onward!
There are numerous variations on the constructions described here. We can have
more U(1) gauge groups, and thereby construct complete intersection Calabi-Yaus in more
4 Unlike in N=1 supersymmetric theories in four dimensions, where the analogous statement
is true only in a very special renormalization scheme [11], here (because the theory is all but
superrenormalizable) it is true without any delicacies in the argument. For a recent discussion of
the scheme-dependence of the four dimensional result, see [12].
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general toric varieties. We can also generalize the construction of the gauge bundle V .
By mixing and matching the various constructions, one can produce a wide variety of
different models (see [8,15]). This may still only be scratching the surface of the space of
(0,2) models.
Having discussed the tools for writing down (0,2) models, we will now turn to com-
puting some of their properties. The key, as discussed in §3, is to consider RG-invariant
quantities which can, reliably, be calculated in the linear σ-model.
A rich class of interesting things to calculate can be found by considering the “twisted”
model, or, equivalently, to compute on the cylinder with periodic boundary conditions on
the right-movers. This is the sector of the String Hilbert space containing the spacetime
fermions. In this sector, (0,2) supersymmetry is unbroken, and the supercharges, Q¯±, close
into the generator of boosts along the lightcone,
{Q¯+, Q¯−} = L¯0
If we are interested in those states with L¯0 = 0, which includes all of the massless spacetime
fermions, we can represent these as the cohomology of the Q¯+ operator. We will see that
the Q¯+-cohomology is eminently computable, so that, in particular, we learn about the
spectrum of massless spacetime fermions and (by spacetime supersymmetry) about the
full massless spectrum of the string theory.
Similarly, we can compute the matrix elements of Q¯+-invariant operators between
these fermion states, which, in particular, allows us to calculate the spacetime superpo-
tential.
6. Landau-Ginzburg
As we saw, the semiclassical analysis becomes exact for r → ±∞. r → +∞ is a
weakly-coupled (0,2) nonlinear σ-model. Much of what we currently can say about such
σ-models has been understood for many years [7]. Instanton corrections are also suppressed
in the r → −∞ limit. Here, too, one can make some definite statements, at least in those
cases where the conformal field theory that one obtains in the r → −∞ limit is understood.
For the examples discussed in the previous section, the r → −∞ limit corresponds to what
we might call a (0,2) Landau-Ginzburg orbifold. In this case, we actually have a fair handle
on the conformal field theory, and can actually make some definite statements.
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To describe the low energy theory, we need, in particular, two unbroken nonanomalous
U(1) symmetries. One will be the U(1)R ⊂ ( right-moving N = 2). The other will become
the left-moving U(1) which we introduced in §2. Denoting the charges under the two U(1),
respectively, as q, q, it is clear that in order for these to be symmetries of the superpotential
SW =
∫
d2zdθ− ΓαWα(Φ) + Λ
aFa(Φ) + ΞS
the charges of the Φi must be proportional to the respective gauge charges, qi = wi/a, q¯i =
wi/b. Since the left U(1) is an honest symmetry, and not an R-symmetry, we can, without
loss of generality, rescale the left U(1) charge s.t. qi = q¯i, or a = b. We will see later that
this corresponds to the “standard” normalization of the corresponding current, J . The
charges of the fermions are now determined, up to this unknown constant b.
We need to check, first of all, that these U(1)’s are nonanomalous under the gauge
symmetry. The anomaly, of course, is given by a one-loop diagram with one insertion of
the current, one external gauge field, and fermions running around the loop:
J ∝
1
b
[
∑
(na −m)na +
∑
d2α −
∑
w2i ] = 0
J¯ ∝
1
b
[
∑
(na −m+ b)na +
∑
(dα − b)dα −
∑
(wi − b)wi]−m = 0
and these symmetries are nonanomalous, precisely when the conditions (5.15) on the gauge
charges are satisfied. Note that, since J¯ is an R-symmetry, even though p is neutral,
its fermi superpartner, pi, is not, and contributes to the anomaly. Note also that the
“spectators” make no net contribution to the anomalies.
We also need to require that J and J¯ are pure left- and right-moving currents in the
infrared, which means that the mixed anomaly vanishes:
J J¯ ∝
1
b2
[
∑
(na −m)(na −m+ b) +
∑
dα(dα − b)−
∑
wi(wi − b)]
=−
rm(m− b)
b2
For this to vanish, we must have b = m. So the charges of the fields are listed in table 5.
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Field q q
Φi qi =
wi
m q¯i =
wi
m
Λa qa =
na
m
− 1 q¯a =
na
m
Γα qα = −
dα
m − 1 q¯α = 1−
dα
m
P 0 0
S QSm
QS
m
Ξ −QS
m
1− QS
m
Table 5: Left-moving U(1) and
right-moving U(1)R charges of the
fields.
We have cheated a bit. The anomaly con-
siderations do not determine the charges of
Ξ, S. But recall that, because of the unbroken
Zm discrete gauge symmetry of the model, we
are really describing a Landau-Ginzburg orb-
ifold. The generator of Zm is simply e
−2πiq.
Since we know how Ξ, S are supposed to trans-
form under Zm, this fixes their charges, q,
modulo 1.
In fact, for our purposes, it is not useful to
separate the Zm orbifolding from the Z2 orb-
ifolding which implements the GSO projection.
Together, they form a Z2m group generated by
g = e−iπq(−1)FλI (6.1)
Comparing with (2.1), we see that this is, indeed, the standard normalization of the left-
U(1) charge which we defined in §2.
Now we can calculate the central charge of the infrared N = 2 superconformal algebra.
Recall that one of the OPEs in the N = 2 superconformal algebra is
J¯(z¯)J¯(w¯) =
c¯/3
(z¯ − w¯)2
So, by calculating this OPE, we get a direct measurement of the central charge. But this
is, as we have seen, computable from the one loop anomaly diagram in the linear σ-model,
J¯ J¯ .
c¯
3
=
∑
(q¯i − 1)
2 −
∑
q¯2a −
∑
q¯2α = 3
So, indeed, we have c¯ = 9, as expected!
Similarly, the J ·J anomaly computes the level of the left-moving U(1) current algebra:
r =
∑
q2α +
∑
q2a −
∑
q2i
In fact, we can make an even stronger statement. The operators
T ′ = −
∑
i
(
∂φi∂φ¯i +
qi
2
∂(φi∂φ¯i)
)
+
∑
a
(
λa∂λ¯a +
qa
2
∂(λaλ¯a)
)
+
∑
α
(
γα∂γ¯α +
qα
2
∂(γαγ¯α)
)
J ′ = −
∑
i
qiφi∂φ¯i −
∑
a
qaλaλ¯a −
∑
α
qαγαγ¯α
(6.2)
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commute with the Q¯+ operator, and generate a Û(1)⋉virasoro algebra on the Q¯+ coho-
mology, with Û(1) level r and virasoro central charge c = 6 + r. To see this, note that
rescaling the superpotential is a Q¯+-trivial operation. Thus, while working on the level of
the Q¯+ cohomology, we can use free-fields to evaluate the OPEs of T ′, J ′.
Note, too, that J ′0 differs from the previously-defined U(1) charge q by Q¯
+-trivial
terms, as does L′0 from the L0 derived canonically from the Lagrangian. Thus, for instance,
since we will be working on the Q¯+-cohomology, we can continue to use q to label the U(1)
charge of physical states.
Not only does this “off-shell” virasoro algebra exist at the Landau-Ginzburg point,
Silverstein and Witten have shown that one can construct the corresponding operators
in the full linear σ-model [16]. So the fact that one gets the correct infrared virasoro
central charge and Û(1) level is a property of the linear σ-model for arbitrary r, not just
for r → −∞. Indeed this can be used as the basis for an argument that the (0,2) linear
σ-models do indeed give rise to (0,2) SCFTs in the infrared, and that deforming t really
is an exactly-marginal deformation of the SCFT [17].
GSO projection:
We have already said that to effect the left-moving GSO projection of this theory
(while simultaneously implementing the discrete Zm gauge symmetry), we orbifold by the
Z2m group generated by
g = e−iπq(−1)FλI
(All the charges in the theory are multiples of 1/m, so g2m = 1.) As usual, we must include
2m− 1 twisted sectors, where the boundary conditions on the fields are twisted by powers
of g. So the sectors of the theory are labeled by k, k = 0, . . . , 2m− 1. k even corresponds
to the left-moving Ramond sector, k odd corresponds to the left-moving Neveu-Schwarz
sector. The right-mover will, for us, always be in the Ramond sector, so we are discussing
states which are spacetime fermions. And the Q¯+ cohomology computes those states which
are physical and have L¯0 = 0.
Modular Invariance
The usual level-matching conditions for orbifolds [18], which are certainly satisfied by
our constructions are not obviously sufficient here to assure the consistency of the theory,
unlike the case of the usual toroidal orbifolds.
There’s a general principle in string theory that there is a direct correspondence
between worldsheet and spacetime anomalies. We will look for a spacetime anomaly in
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the Z2m quantum symmetry [19] of the Landau-Ginzburg orbifold. This is a discrete
R-symmetry in spacetime. As such, it may not be preserved in a nontrivial gauge or
gravitational background. That is, it may suffer from an anomaly. But the quantum
symmetry (which simply says that sector number must be conserved modulo 2m) in any
correlation function) must be a symmetry if the GSO-projected theory is to have a sensible
interpretation.
Naively, the generator of the quantum symmetry is γ = e2πik/2m, where k =
0, . . . , 2m − 1 is the sector number. However, it proves more convenient to compose this
with a gauge transformation which lies in the U(1) subgroup of the spacetime gauge group
generated by q:
γ = e2πi(kr−2q)/2mr (6.3)
With this choice, irreducible representations of the spacetime gauge group transform ho-
mogeneously under the quantum symmetry.
One can compute the anomaly in this discrete R-symmetry by embedding it in a con-
tinuous U(1) R-symmetry (with generator (kr−2q)) and computing the standard triangle
diagram, with one insertion of this current and two external gauge bosons or gravitons.
Of course, since we are really only interested in assuring that the discrete subgroup is
nonanomalous, we need only require the anomaly coefficient to vanish mod 2mr, rather
than actually vanish.
A1 = G-gauge bosons mod 2mr
A2 = E8-gauge bosons mod 2mr
A3 = gravitons mod 2mr
(6.4)
where G is the “observable” gauge group (E6, SO(10), or SU(5), for r = 3, 4, 5, respec-
tively).
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Each of these can be expressed in terms of a trace over the right-moving R-sector. For
instance,
A1 =
2m−1∑
k=0
TrR
(
q
2
2r
(
rk − 2q
)
(−1)FR
)
mod 2mr
Now, you might think that We should demand that each of these anomaly coefficients
vanish (mod 2mr) separately. In fact, this is too strong, and is not even true for many (2,2)
models. Instead, because of the Green-Schwarz mechanism, we can cancel the anomaly
by assigning a nontrivial transformation under γ to the axion. But this only can succeed
in canceling all three anomalies provided the respective anomaly coefficients obey the
relations [20]
A1 − A2 = 0
A3 − 24A1 = 0
A3 − 24A1 = 0

mod 2mr (6.5)
In particular, this means that the anomaly must vanish for any field configuration satisfying
TrR2 = TrF 21 + TrF
2
2 .
For most of the models we discussed in §4, the anomaly in the “quantum” discrete
R-symmetry does indeed cancel. But, as alluded to earlier, some models can be ruled out
on this basis.
7. Q¯+ Cohomology
Finally, let us get down to constructing the spectrum of spacetime fermions. We work
on the cylinder, and as I said before, the states with L¯
(int)
0 = 0 can be represented as
elements of the cohomology of one of the right-moving supercharges Q¯±, which we will
take to be Q¯+. The Q¯+ operator has three terms:
Q¯+ = Q¯+R + Q¯
+
L + Q¯
+
spectator
Q¯+R =
∮
iψ¯i∂φi
Q¯+L =
∮
γαWα(φ) + λ
aFa(φ)
Q¯+spectator =
∮
iψ¯s∂s+ ξs
(7.1)
The contribution to the supercharge from the spectator fields, Q¯+spectator, is decoupled
from the rest of the Q¯+ operator, and is purely quadratic. This means that it has trivial
cohomology, and all the physical states have representatives in which the Ξ, S oscillators
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are in their ground states. (This may, to the reader, seem like a fancy way of noting
that since Ξ, S are massive, they cannot contribute to the states of the IR conformal field
theory, but it is nice to see the same result emerging from this point of view as well.)
In any case, we need to concentrate on the cohomology of Q¯+R + Q¯
+
L . Again, we note
that Q¯+R is quadratic, and so has trivial cohomology. However, it is coupled to Q¯
+
L . Still,
a standard spectral sequence argument [21] says that we can construct the cohomology
of Q¯+R + Q¯
+
L starting with the cohomology of Q¯
+
R as a “first approximation”. Actually
applying the spectral sequence argument is a little delicate here, because the complex is
infinite-dimensional. However, the result is basically correct [22], and the cohomology of
Q¯+ is
H∗Q¯+ = H
∗
Q¯+
L
(H∗
Q¯+
R
∩H∗
Q¯+spectator
) (7.2)
The cohomology of Q¯+R is trivial to calculate.
H∗
Q¯+
R
=independent of ψi, ψ¯i oscillators and
(in untwisted sector) holomorphic in the zero mode of φi
We simply have to compute the cohomology of Q¯+L on this smaller Hilbert space.
This is made easier by the fact that, for these purposes, we can use free-field OPEs – the
corrections from including the effect of the superpotential interactions are Q¯+-trivial [23].
So, more or less, we have reduced the problem to a free-field orbifold calculation, where
the boundary conditions on the fields are twisted by the action of gk, where g is given by
(6.1).
As usual in orbifold calculations, we expand the fields in oscillators which, because
the boundary conditions are twisted by gk, are fractionally moded. Also, the ground states
of the twisted sectors carry fractional fermion number, and hence fractional values of the
charges q, q. In our case [22,15]5,
q = qiθik + qaθak + qαθαk
q = q¯iθik + q¯aθak + q¯αθαk
(7.3)
5 Note that in Table 5, and here, we have made a slight change in our notation for the U(1)
charges of the fields from that of [15].
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where
θik =
k(qi − 1)
2
+
[
k(1− qi)
2
]
+
1
2
θak =
k(qa − 1)
2
+
[
k(1− qa)
2
]
+
1
2
θαk =
k(qα − 1)
2
+
[
k(1− qα)
2
]
+
1
2
(7.4)
Similarly, one calculates the ground state energy (eigenvalue of L0−c/24) of the k
th twisted
sector. The answer depends on whether k is even, which gets paired with the R-sector for
the (16− 2r) free left-moving fermions, or k is odd, which gets paired with the NS-sector
for the (16− 2r) free left-moving fermions
ENS = −
5
8
+
∑ θ2a,k
2
+
∑ θ2α,k
2
−
∑ θ2i,k
2
ER = −
(r − 3)
8
+
∑ θ2a,k
2
+
∑ θ2α,k
2
−
∑ θ2i,k
2
(7.5)
From here, constructing the spectrum is straightforward, but a little boring. One
simply goes through , sector by sector, and computes the cohomology of Q¯+L on the twisted
fock space. The spacetime quantum numbers of the states that we find are correlated with
the q charge. For the massless states,
q = −1/2 right-handed spacetime fermions (∈chiral multiplet)
q = +1/2 left-handed spacetime fermions (∈antichiral multiplet)
q = +3/2 right-handed gauginos (∈vector multiplet)
q = −3/2 left-handed spacetime fermions (∈vector multiplet)
The left spectral flow maps us between adjoining twisted sectors. So, e.g. the left-
handed gauginos are assembled, as in Table 1, from the ground state of the k = 0 sector,
|k = 0〉, (a spinor of SO(16− 2r)), two states from the k = 1 sector:
λI−1/2λ
J
−1/2|k = 1〉[∑
qiφ
i
−qi/2
φ¯i−1+qi/2 −
∑
qaλ
a
qa/2
λ¯a−1−qa/2 −
∑
qαγ
α
qα/2
γ¯α−1−qα/2
]
|k = 1〉
and the ground state of the k = 2 sector, |k = 0〉, (again a spinor of SO(16− 2r)). Each
of these is evidently annihilated by Q¯+L =
∮
(γαWα(φ)λ
aFa(φ)), and cannot be written as
Q¯+L of some other state.
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Similarly, we can go through and construct the rest of the states in the spectrum of
massless fermions. Some examples are worked out in detail in [15].
As an exercise, I recommend that the reader work out the Q¯+ cohomology for the
model which, in the Calabi-Yau phase, corresponds to a complete intersection of two
sextics in WP51,1,2,2,3,3 with the left-moving fermions coupling to a certain rank-4 vector
bundle on it. The U(1) charges of the fields in the linear σ-model (including the spectators)
are listed in Table 6.
Field Q
Φ1,2 1
Φ3,4 2
Φ5,6 3
P −8
Λ1,2,3,4 1
Λ5 4
Γ1,2 −6
S −4
Ξ 4
Table 6: U(1) charges of
the (bosonic and fermionic)
chiral superfields in theWP51,1,2,2,3,3
models.
Since m = 8, there are 16 twisted sectors. You
need not go through all of them, as the states you
find in sectors 9-15 are simply the CTP conjugates
of the states in sectors 1-7. You should find, for in-
stance, that the right-handed 16s of SO(10) arise in
this model as states in the k = 0 and k = 1 sec-
tors, corresponding respectively to the 8s−1 and 8
v
1 of
SO(8) × U(1). Explicitly, these states are given by
octic polynomials:
P8(φ
i
0)|k = 0〉
λI−1/2P8(φ
i
−Qi/16
)|k = 1〉
For these to be in the Q¯+L cohomology, we must mod
out the space of octic polynomials by the ideal gen-
erated by the Fa(φ) and the Wα(φ). This yields 74
states in the Q¯+L cohomology.
Interactions
We can also compute (unnormalized) Yukawa couplings of these fermions by sandwich-
ing an operator (the vertex operator for a physical spacetime boson in a chiral multiplet),
which commutes with Q¯+, between two of the fermion states we have just constructed.
The results, at least in certain cases, [24,25] agree with those computed at large radius
in the sigma model, leading one to hope that there might actually be a theorem, analo-
gous to the one which holds in (2,2) theories [26], which states that these couplings are
independent of the Ka¨hler moduli.
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8. Envoi
Much, clearly, remains to be explored here. What are the analogues of mirror sym-
metry? Can one compute the spacetime Ka¨hler potential for the fields? Is there indeed a
theorem along the lines of [26] for some of the Yukawa couplings in these (0,2) theories?
And what about the corrections to those couplings which do get corrected? Can one com-
pute them in the linear sigma model, along the lines of [14]? Are there exactly-soluble
conformal field theories (the analogues, perhaps, of the Kazama-Suzuki models [27] for
(2,2) theories) which lie at special points in the moduli spaces of (0,2) theories that we
have been exploring? These, and many other questions are waiting to be answered.
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